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We introduce a novel procedure for studying the Hamiltonian formalism of new general
relativity (NGR) based on the mathematical properties encoded in the constitutive ten-
sor defined by the premetric approach. We derive the canonical momenta conjugate to
the tetrad field and study the eigenvalues of the Hessian tensor, which is mapped to
a Hessian matrix with the help of indexation formulas. The properties of the Hessian
matrix heavily rely on the possible values of the free coefficients bi, i = 1, 2, 3 appearing
in the NGR Lagrangian. We find four null eigenvalues associated with trivial primary
constraints in the temporal part of the momenta. The remaining eigenvalues are grouped
in four sets, which have multiplicity 3, 1, 5 and 3, and can be set to zero depending on
different choices of the coefficients bi. There are nine possible different cases when one,
two, or three sets of eigenvalues are imposed to vanish simultaneously. All cases lead to
a different number of primary constraints, which are consistent with previous work on
the Hamiltonian analysis of NGR by Blixt et al. (2018).
Keywords: general relativity; teleparallel gravity; Hamiltonian analysis; new general rel-
ativity
1. Introduction
General relativity extensions based on modifications to the geometric foundations of
gravity are nowadays an active field of research, which are motivated by its success
at producing new physics in the cosmological arena. This could help to alleviate
the well-known paradigms appearing in modern cosmology such as early and late
accelerated phases of the Universe. Moreover, due to their inherent gauge structure,
this kind of theories are promising for giving clues to the study of canonical quantum
gravity. For a long time, it has been known two alternative descriptions of the
gravitational phenomena, which change the underlying geometric description of
gravity based on curvature. They are known as the teleparallel equivalent of general
relativity (TEGR) and the symmetric teleparallel gravity (STEGR). The torsion
1
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and non-metricity of spacetime are the geometrical entities that encode gravitation
in TEGR and STEGR, respectively [1].
One particular modified teleparallel gravity that we are interested to study is
based in a manifold equipped with a teleparallel connection, and it is generically
known as new general relativity (NGR) [2]. It consists of a generalization of the
TEGR, where the Lagrangian is built from a linear combination of three parity-even
scalars. These terms are quadratic forms of the torsion tensor, therefore quadratic
on first-order derivatives of the tetrad field. They behave as scalars under local
Lorentz transformations and as a density under general changes of coordinates [3].
Ever since NGR was formulated, several topics have been studied within this theory:
spherically symmetric geometries have been found [4, 5], cosmological applications
have been reported [6], and recently polarization modes of gravitational waves in
the linearized theory have been studied [7]. In recent years, NGR has been used as
a starting point for building more general teleparallel theories of gravity. Although
this theory modifies GR in a nontrivial way, there are certain indications that NGR
would not be a healthy theory unless it reduces to the GR case [8]. To confirm these
claims with additional investigations is pending, however, it is anyway interesting
to study NGR on itself as a toy model that is being actively used as a building
block for modified teleparallel gravities, for example, f(Tax, Tvec, Tten) theories [9]
or teleparallel Horndeski gravity [10], among others.
A crucial point to study in any physical theory is its predictability and internal
consistency, in particular to prove that it contains a well-defined number of degrees
of freedom and the Cauchy problem is well-posed. The best path in this direction
seems to be the Hamiltonian formalism delineated by the Dirac-Bergmann algo-
rithm for constrained systems. This robust method clearly exhibits the physical
content of the theory through the determination of first- and second-class con-
straints, where the former can sometimes be associated with gauge transformations
of the theory, and the later can be organized as pairs of spurious conjugated vari-
ables, giving as a result a well defined and non ambiguous number of d.o.f. [11–15].
The Hamiltonian analysis of NGR has been partially studied in Refs. [16–20],
where we highlight the analysis that has been performed in [16]. In this work,
the authors have found the canonical Hamiltonian and primary constraints for all
possible different cases allowed by the three free parameters of the theory. However,
the full calculation of constraint algebra is still missing and implies a huge effort, to
which we would like to contribute to alleviating. For this, it is helpful to consider
previous research on the Hamiltonian formalism for TEGR and weight the tools
that have been used in the past. The Hamiltonian formalism for TEGR has been
presented in several references [21–26], however, we will focus on the approach
introduced in [26], and apply the main mathematical tools developed on it to NGR.
In Ref. [26] the Lagrangian of TEGR has been written explicitly in terms of the
tetrad field instead of the common use of the torsion tensor, and it leads to the
appearance of the constitutive tensor χ cedfab for TEGR, which is a rank-six tensor
built only of invariant objects like the Kronecker delta δab and the Minkowski metric
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ηab. This mathematical object can easily be generalized to account for the NGR
Lagrangian, nonetheless, its physical meaning goes deep in the premetric approach
of any physical theory. The premetric formulation idea consists in removing the
gravitational potential within GR, that is, the metric tensor of spacetime, from the
fundamental laws of classical electromagnetism and gravitation [27–29].
The mathematical formalism introduced in [26] has proven to be very useful for
the Hamiltonian formulation of TEGR, because it maps the problem of finding the
primary constraints of the theory to solving a problem of linear algebra, which only
consists in finding the null eigenvectors of the Hessian matrix. Later, the Hessian
can be inverted through the calculation of the pseudoinverse matrix, which allows
to solve for (some) canonical velocities and allows to obtain the Hamiltonian of the
theory. The NGR case is by far more complicated, as the three free parameters in
the Lagrangian of the theory allows nine cases with different number of primary
constraints. In this work we would like to apply the mathematical tools developed
in [26] to the NGR case, identify all possible cases and the number of primary
constraints, and set the stage for future investigation.
This note is organized as follows. We introduce the basics of the teleparallel
formalism and the NGR Lagrangian in terms of the constitutive tensor in Sec.2.
We derive the relation among velocities and momenta, determine the Hessian tensor,
and define the mapping to a Hessian matrix in Sec. 3. We study the mathematical
properties of the Hessian, determine the null eigenvalues and define all possible
cases in Sec. 4. We end up with discussion and conclusions in Sec. 5.
2. New general relativity in the premetric approach
We begin defining a space with absolute parallelism, which will consist in a 4-
dimensional manifold, where each point is labeled by a set of 4 independent co-
ordinates xµ. Each point of this space has a linearly independent vectorial base
ea = e
µ
a∂µ and a dual base of 1-forms E
a = Eaµdx
µ defined in its tangent space.
Their components satisfy the orthonormality condition [30]
ηab = gµνe
µ
ae
ν
b (1)
from which the metric is retrieved
gµν = ηabE
a
µE
b
ν . (2)
We will denote the coordinate components by Greek indices µ, ν, . . . = 0, . . . , 3, and
Lorentzian tangent space by Latin indices a, b, . . . , g, h = 0, . . . , 3. The Minkowski
metric will be ηab = diag(1,−1,−1,−1).
Our manifold will be equipped with an affine connection that is flat, and hence
allows the parallel transport of any vector throughout the manifold, that is, it
defines absolute parallelism. A generic way of getting a connection with zero cur-
vature is the so-called inertial spin connection ωabµ = −(Λ
−1)cb∂µΛ
a
c , so that the
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components of the connection are [31]
Γαµν = e
α
a (∂µE
a
ν + ω
a
µbE
b
ν). (3)
It is known that teleparallel gravity can be consistently formulated in the
Weitzenbo¨ck gauge, where the spin connection is set to zero, ωabµ = 0, therefore
the components of the connection (3) become
Γαµν = e
α
a ∂µE
a
ν . (4)
With the connection (4), one can define the components of the torsion and contor-
tion tensors, respectively, as:
Tαµν = Γ
α
νµ − Γ
α
µν = e
α
a
(
∂µE
a
ν − ∂νE
a
µ
)
, (5)
Kµνα = −
1
2
(T µνα − T
νµ
α − T
µν
α ) . (6)
For facilitating the description of the Lagrangian and the equations of motion,
one can define another tensor from the components of the torsion and contortion
tensors, which is known as superpotential, as [32]
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δ
ν
αT
βµ
β
)
. (7)
Given this, we define the torsion scalar for TEGR as
T = TαµνS
µν
α , (8)
which can alternatively be written as a quadratic form in the torsion tensor in the
following way
T =
1
4
T ρµνT
µν
ρ −
1
2
T ρµνT
µν
ρ − T
ρ
µρT
σµ
σ. (9)
The torsion scalar forms part of the TEGR Lagrangian as L = ET (where
E = det(Eaµ)), which gives equations of motion that are equivalent to Einstein’s
equations. The simplest linear modification to (9) consists in generalizing the coef-
ficients in front of the three terms quadratic in the torsion tensor. This defines a
generalized torsion scalar
T = b1T
ρ
µνT
µν
ρ + b2T
ρ
µνT
µν
ρ + b3T
ρ
µρT
σµ
σ (10)
that defines the NGR Lagrangian L = ET . Considering that the torsion tensor can
be rewritten as
T ρµν = ∂σE
a
λe
ρ
ae
σ
b e
λ
cE
d
µE
e
ν(δ
b
dδ
c
e − δ
b
eδ
c
d), (11)
and after some tensorial algebra, it is possible to write the NGR Lagrangian in an
alternative form
L =
1
2
E∂µE
a
ν∂ρE
b
λe
µ
c e
ν
ee
ρ
de
λ
fχ
cedf
ab . (12)
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An analogue procedure has been performed in Ref. [26] but for TEGR. Now, the
mathematical object
χ cedfab = 4b1ηabη
c[dηf ]e + 4b2δ
[d
a η
f ][cδ
e]
b + 4b3δ
[c
a η
e][dδ
f ]
b , (13)
corresponds to the constitutive tensor for NGR, which has arbitrary coefficients
bi, i = 1, . . . , 3.
The constitutive tensor is an important object in the premetric approach to
physics a. A layperson’s description of the premetric approach is the following: it
consists in a formulation of a physical theory that prescinds from the metric tensor
as the fundamental variable. The building blocks of the premetric approach are a
conserved charge J such that its exterior derivative dJ = 0. For it, there exists a
2-form excitation field H and a 2-form field strength F that satisfy the fundamental
equations of motion
dH = J, dF = 0. (14)
These equations have physical meaning only when combined with a constitutive
relation H = χ[F ], which is the only relation that has a dependence on the metric.
The details of the premetric approach for the teleparallel equivalent of general
relativity can be studied from [28, 29]. We claim that our Hamiltonian formalism
is performed in the premetric approach because we will make extensive use of the
constitutive tensor χ cedfab in the determination of the primary constraints and in
the Hamiltonian. This has not been explored in the literature, except for the TEGR
case in Ref. [26].
3. Canonical momenta
We are interested in determining the number of primary constraints for all cases
allowed by the free parameters in the NGR Lagrangian. For this, we apply the
well-known Dirac-Bergmann algorithm for constrained Hamiltonian systems [11–15]
to the NGR Lagrangian discussed in the previous section. We will provide the
mathematical tools needed for the identification of primary constraints, however,
in order to find secondary constraints, computing the time evolution of them, and
its subsequent classification in first and second class constraints, we will need to
compute the Hamiltonian. Since this is a long task we leave for future work, and for
now focusing on explaining the mathematical procedure and identifying all possible
cases and the number of primary constraints in each one of them.
The canonical momenta for NGR are obtained straightforwardly from the La-
grangian (12), when taking the functional derivative with respect to ∂0E
a
µ. We get
Πµa =
δL
δ(∂0Eaµ)
= E∂ρE
b
λe
0
ce
µ
e e
ρ
de
λ
fχ
cedf
ab . (15)
aFor an introduction and applications of the premetric approach, see [27]
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Notice that unlike previous work, we do not consider an explicit ADM decomposi-
tion on the tetrad field b, and only a time foliation is assumed at the moment we
define the momenta (15). On this expression, we can isolate the time derivative of
the tetrad ∂0E
a
µ, by splitting the ρ index in time and spatial components, obtaining
ΠµaE
e
µ = EC
ef
ab e
λ
f∂0E
b
λ + E∂iE
b
λe
0
ce
i
de
λ
fχ
cedf
ab , (16)
where the object
C efab = e
0
ce
0
dχ
cedf
ab (17)
is the tensorial analog of a Hessian matrix.
At this point it is convenient to regard the multi-index notation introduced
in [26] in order to rewrite the tensorial object C efab as a symmetric n
2×n2 matrix.
For this, we adopt a notation where we take pairs of flat indices a, b, ... to define a
multi-index A = ()
a
e, with the help of the following indexation formulas
A = (a− 1)n+ e, B = (b− 1)n+ f ; (18)
so A = ()ae , B = ()
b
f , ... = 1, ..., n
2. This implies that CAB is a symmetric matrix,
that is
CAB = CBA. (19)
The formula (18) can be inverted by taking a = [A/n], so e = A−n[A/n]−1, where
[ ] means the integer part.
The purpose of the indexation formulas is to rewrite the expression for the
momenta (16) in a friendlier way for linear algebra analysis. For this, we redefine
all terms so that they are only expressed by means of the super-indices A. We
achieve this by defining
E˙B = eλf E˙
b
λ,
EB0 = e
i
f∂iE
b
0
ΠA = Π
µ
aE
e
µ
PA = E∂iE
b
ke
0
ce
i
de
k
fχ
cedf
ab .
(20)
In this way, the expression for the canonical momenta acquires a very simple form
ΠA − PA = ECAB(E˙
B − EB0 ). (21)
As we will see later, the matrix CAB is not invertible, therefore not all velocities
E˙B are solvable in terms of the momenta ΠA, which is to be expected in a con-
strained theory as NGR. However, the number of constraints will depend on the
mathematical properties of the Hessian matrix, which in turn heavily depends on
the free parameters of the theory.
It will be useful to define a mathematical object that raises and lowers super-
indices A in the same way that the Minkowski metric ηab raises and lowers indices
bAlso for GR the ADM decomposition of the metric is not essential, see discussion in Ref. [33].
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belonging to the tangent space. Such Minkowski matrix in the superspace is defined
as
ηAB = ηabη
ef . (22)
This implies that the object CBA = η
BCCCA will not be symmetric in the pair of
superindices AB, after noticing that
ηAB = diag(1,−1,−1,−1,−1, 1, 1, 1,−1, 1, 1, 1,−1, 1, 1, 1). (23)
Generically the matrices CAB and C
B
A have different eigenvalues, but they share
their null eigenvalues, as expected. Following [26], we will calculate the eigenvalues
of CBA, since it naturally comes as an invariant object in the superspace delimited
by the Minkowskian supermetric ηAB .
4. Eigenvalues of the Hessian matrix CB
A
An estimation of the number of primary constraints of the theory is possible through
the computation of the null eigenvalues of the matrix CBA. Also, they will be helpful
for the calculation of the Hamiltonian, an issue that we will leave for future work.
The eigenvalues of the most general Hessian matrix for NGR (when all parameters
are free) have the following pattern
λ1, . . . , λ4 = 0,
λ5, . . . , λ9 = (2b1 − b2) g
00,
λ10, . . . , λ12 = (2b1 + b2) g
00,
λ13 = (2b1 − b2 + 3b3) g
00,
λ14, . . . , λ16 = (2b1 − b2 + b3) g
00.
(24)
In (24) we observe four null eigenvalues λ1, . . . , λ4, which signal the existence of
the primary constraints Π0a, which come from the non appearance of ∂0E
a
0 in the
Lagrangian. These constraints are associated with four null eigenvectors of CBA
(and also, of CAB). In this simple case such null eigenvectors can be parameterized
as vA = v a|g|e = e
0
eδ
a
g , and then for any bi it is accomplished that v
ACBA = 0. This
can be written as
v a|g|eC
b e
af = e
0
eδ
a
ge
0
ce
0
dχ
b c de
a f = 0, (25)
or also vACAB = 0, this is
e0eδ
a
gC
ef
ab = e
0
eδ
a
ge
0
ce
0
dχ
cedf
ab = 0, (26)
which is straightforward from the fact that χb c dea f is antisymmetric in d − e but
multiplied by e0de
0
e, or that χ
cedf
ab is antisymmetric in c− e, but multiplied by e
0
ee
0
c
which is symmetric on those indices.
After these considerations we are left with 12 nonvanishing eigenvalues
λ5, . . . , λ16. They are classified as follows: five of them are (2b1 − b2) g
00, three
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are equal to (2b1 + b2) g
00, one eigenvalue is (2b1 − b2 + 3b3) g
00 and the remain-
ing three are equal to (2b1 − b2 + b3) g
00. In relation to Ref. [16], we obtain that
the coefficients Ai defined there are equivalent, up to normalization factors, to the
eigenvalues we have obtained within our method. Here i = V ,A,S, T stand for
vector, antisymmetric, symmetric and trace-free symmetric decomposition, respec-
tively. The proportionality of those coefficients and our eigenvalues goes as follows:
AS ∝ λS = 2b1 − b2,
AA ∝ λA = 2b1 + b2,
AT ∝ λT = 2b1 − b2 + 3b3,
AV ∝ λV = 2b1 − b2 + b3.
(27)
This indicates that the V ,A,S, T decomposition is intimately related with the alge-
braic structure of the Hessian matrix in the formalism we are presenting. Therefore,
it will be interesting to explore the equivalence between both formalisms in future
work.
More primary constraints appear from vanishing one or more sets of eigenvalues
λi previously found. This is achieved by taking the adequate choice for the parame-
ters bi in the NGR Lagrangian. All possible choices are summarized in Table 4. We
have numbered cases from 1 to 9 by following the order exhibited in Fig.(1) of [16].
case null eigenvalue(s) No of p.c. b1 b2 b3
case 1 λA = 0 3 p.c. free −2b1 free
case 2 λT = 0 1 p.c. free 2b1 + 3b3 free
case 3 λS = 0 5 p.c. free 2b1 free
case 4 λV = 0 3 p.c. free 2b1 + b3 free
case 5 λV = λA = 0 6 p.c. free −2b1 −4b1
case 6 λA = λT = 0 4 p.c. −b2/2 free 2b2/3
case 7 λA = λS = 0 8 p.c. 0 0 free
case 8 λT = λS = λV = 0 9 p.c. free 2b1 0
case 9 λi 6= 0 0 p.c. free free free
Table 1. All possible combinations of vanishing λi and corresponding cases.
Notice that other combinations where three eigenvalues are null are possible.
For instance, it is possible to simultaneously vanish (λT , λA, λS), or (λS , λA, λV ),
or (λT , λA, λV). However, they give trivial cases on which all bi = 0. Therefore,
case 8 is the only nontrivial case which allows to simultaneously vanishing three
eigenvalues.
In future work we plan to build the canonical Hamiltonian for each case through
the method of pseudoinverses described in [26]. For this, it will be helpful to replace
the values of the bi appearing Table 4, for each case, in every eigenvalue as appearing
in Eq.(24). The results of this replacement can be found in Table 2.
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case λS λA λT λν
case 1 4b1 0 4b1 + 3b3 4b1 + b3
case 2 −3b3 4b1 + 3b3 0 −2b3
case 3 0 4b1 3b3 b3
case 4 −b3 4b1 + b3 2b3 0
case 5 4b1 0 −8b1 0
case 6 −2b2 0 0 −4b2/3
case 7 0 0 3b3 b3
case 8 0 4b1 0 0
case 9 2b1 − b2 2b1 + b2 2b1 − b2 + 3b3 2b1 − b2 + b3
Table 2. Eigenvalues for all possible cases
In Table 2 we observe that some eigenvalues coincide, but evaluated in different
cases. For example, the value of λS for case 5 is equal to the value of λA for case 3,
although the multiplicity is different. We will explore this curious coincidence and
its repercussion at the Hamiltonian level in future work.
5. Conclusions
We have applied a novel Hamiltonian approach in order to determine the number
of primary constraints in the Hamiltonian formulation of NGR, and we have pre-
pared the mathematical formalism for the calculation of the full set of constraints
and the calculation of the Hamiltonian. Firstly, we define the NGR Lagrangian in
a premetric-like approach, by defining the constitutive tensor χ cedfab which possess
three free parameters bi, and derive the canonical momenta in this formalism. Af-
terwards, we obtain the expression for the canonical momenta in our formalism in
Eq.(16), and an expression in super-index notation in Eq.(21). We observe the ap-
pearance of the Hessian matrix CAB in the relation among the canonical velocities
and momenta. Since this objects depends on the constitutive tensor, we can use its
mathematical properties to map the task of finding the primary constraints of the
theory, to a problem of linear algebra, by searching for the null eigenvalues and null
eigenvectors of the matrix C.
We have calculated the eigenvalues of the 16×16 matrix CBA, and obtained four
null eigenvalues for arbitrary bi. These are related with four primary constraints
associated with the absence of E˙a0 in the Lagrangian. The remaining 12 eigenvalues
come in four groups with multiplicity 3, 1, 5 and 3. Each of these groups can be
vanished separately or in groups of two or three in a consistent way. The result of
all the possible combinations give rise to nine cases (including arbitrary bi), which
are summarized in Table 4. All the nine possible cases have different number and
type of primary constraints, for different, restricted values of the bi. Our results are
in agreement with previous work in Ref. [16]. Finally, we have replaced back on the
algebraic expression for the eigenvalues the particular values of the bi on each case,
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which is summarized in Table 2. This computation will be useful in future work
for the calculation of the canonical Hamiltonian on each case, which we intend to
achieve through the method of pseudoinverses described in [26].
The computation of the constraint algebra for all nine cases is an extense labour
and will be addressed in future work. However, a clear understanding of the Hamil-
tonian formalism of NGR will be extremely useful for studying modified teleparallel
gravities that have been proposed in the recent years, and can help to find good
candidate theories that have good behaviour and well defined degrees of freedom.
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Appendix A. The Hessian matrix for NGR
For the most general NGR Lagrangian, we write explicitly the Hessian matrix
C
A
B =


D f00 D d01 D d02 D d03 0 b3 c23 -b3 d12 -b3 d13
−D d01 -D e
0
0
2
− 2b1c23 2 b1 d12 2 b1 d13 -b2 c23 0 -b2 d02 -b2 d03
-D d02 2 b1 d12 −D e
0
0
2
− 2b1c13 2 b1 d23 b2 d12 -b3 d02 C d01 0
−D d03 2 b1 d13 2 b1 d23 -D e
0
0
2
− 2b1c12 b2 d13 -b3 d03 0 C d01
0 -b2 c23 b2 d12 b2 d13 D e
0
1
2
-2 b1 c23 D d01 -2 b1 d02 -2 b1 d03
b3 c23 0 b3 d02 b3 d03 -D d01 -D f23 -D d12 -D d13
-b3 d12 b2 d02 -C d01 0 2 b1 d02 -D d12 D e
0
1
2
− 2b1c03 2 b1 d23
-b3 d13 b2 d03 0 -C d01 2 b1 d03 -D d13 2 b1 d23 D e
0
1
2
− 2b1c02
0 b2 d12 -b2 c13 b2 d23 C d12 b3 d02 b2 d01 0
-b3 d12 -C d02 b2 d01 0 -b2 d02 0 b2 c03 -b2 d23
b3 c13 b3 d01 0 b3 d03 -b3 d01 b3 c03 0 -b3 d13
-b3 d23 0 b2 d03 -C d02 0 -b3 d23 -b2 d13 C d12
0 b2 d13 b2 d23 -b2 c12 C d13 b3 d03 0 b2 d01
-b3 d13 -C d03 0 b2 d01 -b2 d03 0 -b2 d23 b2 c02
-b3 d23 0 -C d03 b2 d02 0 -b3 d23 C d13 -b2 d12
b3 c12 b3 d01 b3 d02 0 -b3 d01 b3 c02 -b3 d12 0
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0 -b3 d12 b3 c13 -b3 d23 0 -b3 d13 -b3 d23 b3 c12
b2 d12 C d02 -b3 d01 0 b2 d13 C d03 0 -b3 d01
-b2 c13 -b2 d01 0 -b2 d03 b2 d23 0 C d03 -b3 d02
b2 d23 0 -b3 d03 C d02 -b2 c12 -b2 d01 -b2 d02 0
C d12 b2 d02 b3 d01 0 C d13 b2 d03 0 b3 d01
-b3 d02 0 b3 c03 -b3 d23 -b3 d03 0 -b3 d23 b3 c02
-b2 d01 b2 c03 0 -b2 d13 0 -b2 d23 C d13 -b3 d12
0 -b2 d23 -b3 d13 C d12 -b2 d01 b2 c02 -b2 d12 0
De0
2
2
− 2b1c13 -2 b1 d01 D d02 -2 b1 d03 C d23 0 b2 d03 b3 d02
2 b1 d01 De
02
2
− 2b1c03 -D d12 2 b1 d13 0 C d23 -b2 d13 -b3 d12
-D d02 -D d12 -D f13 -D d23 -b3 d03 -b3 d13 0 b3 c01
2 b1 d03 2 b1 d13 -D d23 De
2
02
− 2b1c01 -b2 d02 -b2 d12 b2 c01 0
Cd23 0 b3 d03 b2 d02 De
02
3
− 2b1c12 -2 b1 d01 -2 b1 d02 D d03
0 C d23 -b3 d13 -b2 d12 2 b1 d01 De
2
03
− 2b1c02 2 b1 d12 -D d13
-b2 d03 -b2 d13 0 b2 c01 2 b1 d02 2 b1 d12 De
2
03
− 2b1c01 -D d23
-b3 d02 -b3 d12 b3 c01 0 -D d03 -D d13 -D d23 -D f12


where
f00 = (e
0
1)
2 + (e02)
2 + (e03)
2, f12 = (e
0
0)
2 − (e01)
2 − (e02)
2,
f13 = (e
0
0)
2 − (e01)
2 − (e03)
2, f23 = (e
0
0)
2 − (e02)
2 − (e03)
2,
c01 = (e
0
1)
2 − (e00)
2, c02 = (e
0
2)
2 − (e00)
2,
c03 = (e
0
3)
2 − (e00)
2, c12 = (e
0
1)
2 + (e02)
2,
c13 = (e
0
1)
2 + (e03)
2, c23 = (e
0
2)
2 + (e03)
2,
d01 = e
0
0e
0
1, d02 = e
0
0e
0
2, d03 = e
0
0e
0
3,
d12 = e
0
1e
0
2, d13 = e
0
1e
0
3, d23 = e
0
2e
0
3,
D = −2b1 + b2 + b3, C = b2 + b3.
(A.1)
It is worth noticing that the CAB matrix is not symmetric because we have
raised one multi-index with the super-Minkowski metric ηAB, which has a pseudo
Riemannian signature by blocks, as shown in Eq. (23).
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